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$\zeta(s) :=\sum_{n=1}^{\infty}\frac{1}{n^{s}}=\prod_{p}(1-p^{-s})^{-1}, \sigma:=\Re(s)>1$ . (1.1)
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$\zeta(s)$ $s$ $\sigma<0$
$\cos(\pi s/2)=0$ $\zeta(1-s)=0$ . $s=-2,$ $-4,$ $-6,$ $\ldots$ $\zeta(s)=0$
$s=0$ $\cos$ Riemann zeta
$\zeta(s)\neq 0$ Euler $\zeta(s)$ $\sigma>1$
$\sigma<0$
$0\leq\sigma\leq 1$ 1859 Riemann
Riemann $0<\sigma<1$ $\zeta(s)$ $\sigma=1/2$
1896 Hadamard de la vall\’ee Poussin $\zeta(1+it)\neq 0,$ $t\neq 0$
Riemann
Riemann 1890
Lindel\"of $\epsilon>0$ $\zeta(1/2+it)=O(|t|^{\epsilon})$ , $t\geq 2.$
$1/2\leq\sigma\leq 1$ $\zeta(\sigma+it)=O(|t|^{\epsilon})$ ,
$t\geq 2$
$T\geq 2$ $k$ :
$\int_{2}^{T}|\zeta(\sigma+it)|^{2}$ $=O(T^{1+\epsilon})$ .
Riemann zeta
$k=1$ 1949 Atkinson $u$ $v$
$\zeta(u)\zeta(v)=\sum_{m>n>0}\frac{1}{m^{u}n^{v}}+\sum_{n>m>0}\frac{1}{m^{u}n^{v}}+\zeta(u+v) , \Re u>1, \Re v>1$
1 2 Euler-Zagier 2 zeta
1.2 $Hurwit_{Z}g\rfloor$ Euler-Zagier zeta
Riemann zeta Hurwitz zeta
$\zeta(s, \alpha)=\sum_{n=1}^{\infty}\frac{1}{(n+\alpha)^{s}}) \Re(s)>1, 0<\alpha\leq 1.$
$\zeta(s, 1)=\zeta(s)$ $\zeta(\mathcal{S}, 1/2)=(2^{s}-1)\zeta(s)$ Riemann
zeta Hurwitz zeta $\zeta(s, \alpha)$ $s$
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Riemann zeta $\alpha\neq 1,1/2$ , $1<\sigma<1+\alpha,$ $0<t<T$
Hurwitz zeta $cT$ $\alpha\neq 1/2,1$
1936 Davenport Heilbronn $\alpha$
1961 Cassels Hurwitz zeta
Euler $1/2<\sigma<1$ $\zeta(s, \alpha)$
Hurwitz zeta Euler-Zagier 2 zeta




$\Re(s_{1})>1$ $\Re(Sj)\geq 1,2\leq j\leq r$ $\mathbb{C}^{r}$
$\alpha_{1}=\cdots=\alpha_{r}=1$ Euler-Zagier zeta
$s_{1},$ $\ldots$ , s zeta
zeta 1775
Euler $r=2$ $s_{1}$ $s_{2}$
Hurwitz $\ovalbox{\tt\small REJECT}$ Euler-Zagier zeta
Lemma 1.1 (Akiyama and Ishikawa [2]). $\zeta_{r}(s_{1}, s_{(2,\ldots,r)};\alpha_{1}, \alpha_{(2,\ldots,r)})$ $s_{1}=1,$ $\sum_{j=1}^{k}s_{j}\in$
$\mathbb{Z}\geq k,$ $k=2,3,$ $\ldots,$ $r$ , possible singularities
$\zeta_{r}(s_{1}, s_{(2,\ldots,r)};\alpha_{1}, \alpha_{(2,\ldots,r)})$ $\alpha_{1},$
$\ldots,$
$\alpha_{f}$







zeta Hurwitz zeta $\zeta(s, \alpha)$
$1/2<\sigma<1$
zeta
zeta zeta Bames zeta
[6], [8], [18]
2.1 Riemann zeta Hurwitz zeta
meas $(A)$ $A$ Lebesgue












(joint universality theorem ) 1977
Voronin 1979 Gonek, 1981 Bagchi




$\lim_{Tarrow}\inf_{\infty}\nu_{T}\{\max_{1\leq l}\max_{\leq ms\in K_{l}}|L(s+i\tau, \chi_{l})-f_{l}(s)|<\epsilon\}>0.$
Dirichlet $L$ $L(s, \chi)$
, $\tau$
Hurwitz zeta $\zeta(s, \alpha)$ Hurwitz zeta






Hurwitz zeta $\zeta(s, \alpha)$ $\zeta(s, \alpha)$ $1/2<\sigma<1$
$\alpha\neq 1/2$ 1977 Voronin $\alpha$
1979 Gonek, 1981 Bagchi
Theorem $D$ (Bagchi, Gonek, Voronin, independently). $\alpha\neq 1/2,1$





$H(K)$ $K$ $K$ $H_{0}(K)$
$K$ $K$
Definition 2.1. $L$ $L_{1},$ $\ldots,$ $L_{m}$ hybrid joint universalHy
fi $(s)\in H(K_{l}),$ $\{\alpha_{j}\}_{1\leq j\leq n}$ $\mathbb{Q}$ $\{\theta_{j}\}_{1\leq j\leq n}$
$\epsilon>0$
$\lim_{Tarrow}\inf_{\infty}\nu_{T}\{\max_{1\leq l}\max_{\leq ms\in K_{l}}|L_{l}(s+i\tau)-f_{l}(s)|<\epsilon, 1<.\leq n\max_{\lrcorner}\Vert\tau\alpha_{j}-\theta_{j}\Vert<\epsilon\}>0.$
Kronecker $L$
$L_{1},$ $\ldots L_{m}$ hybrid joint strong universality
$H(K_{l})$ $H_{0}(K_{l})$
Gonek [3] Kaczorowski Kulas [5] Pa\’{n}kowski
[15,16]
hybrid joint universality Dirichlet
$\sum_{n=0}^{\infty}a_{n}e^{-\lambda_{n}s},$ $a_{n}\in \mathbb{C},$ $\lambda_{n}>0$ $\mathcal{D}_{s}$ $\sigma>1/2$
Dirichlet
Theorem 2.2. $L_{1},$ $\ldots$ , $L_{m}$ hybrid joint universality , $Q_{1},$ $\ldots,$ $Q_{n}$ $\in \mathcal{D}$




$\lim_{Tarrow}\inf_{\infty}\nu_{T}\{\max_{s\in K}|F(L_{1}(s+i\tau), \ldots, L_{m}(s+i\tau), Q_{1}(s+i\tau), \ldots, Q_{n}(s+i\tau))-g(s)|<\epsilon\}>0.$
$L$ $L_{1},$ $\ldots L_{m}$ hybrid joint strong universality
$H(K)$ $H_{0}(K)$ $Q_{1},$




Main Theorem 1. $L(s)$ hybrid universality , $P_{s}\in \mathcal{D}_{s}[X]$
1 $P_{S}(L(s))$ $D$
$1/2<\sigma_{1}<\sigma_{2}<1$ $P_{S}(L(s))$ $\sigma_{1}<\sigma<\sigma_{2},$




$L(\mathcal{S})$ strong hybrid universality $P_{s}$
Theorem $D$
zeta zeta




Main Theorem 2. $L(s)$ $\sigma>1$ Dirichlet $\sigma>1/2$
$\sigma=1$
$L(s)$ $1/2<\sigma<1$ $\int_{2}^{T}|L(\sigma+it)|^{2}dt=O(T)$ ,
$T\geq 2$ $1/2<\sigma_{1}<\sigma_{2}<1$ $P_{s}(L(s))$
$\sigma_{1}<\sigma<\sigma_{2},0<t<T$, $T>0$ $CT$
3 Hurwitz $\ovalbox{\tt\small REJECT}^{J}$ Euler-Zagier zeta
zeta $<.$ Hurwitz




$\overline{\zeta}_{r}(s;\alpha)$ $\zeta_{r}(s_{1}, s_{(2,\ldots,r)(2,\ldots,r)};\alpha_{1}, \alpha)$ $s:=s_{1}=\cdots=s_{r},$ $\alpha:=\alpha_{1}=\cdots=\alpha$
Hoffman [4] , $\Sigma_{r}$ $r$ $\Pi_{r}$
$\{$ 1, 2, $\ldots,$ $r\}$ $\Pi=\{P_{1}, \ldots, P_{\iota}\},$
$c( \Pi_{r})=\prod_{j=1}^{l}(|P_{j}|-1)$ ! and $\zeta(s_{(1,\ldots,r)};\alpha, \Pi_{r})=\prod_{j=1}^{\iota}\zeta(\sum_{k\in P_{j}}s_{k}, \alpha)$ ,




$P_{r}\in \mathcal{D}_{s}[X]$ $\overline{\zeta}_{r}(s;\alpha)=P_{r}(\zeta(s, \alpha))$
$\overline{\zeta}_{2}(s;\alpha)=\frac{1}{2}\zeta(s, \alpha)^{2}-\frac{1}{2}\zeta(2_{\mathcal{S}}, \alpha)$
$\overline{\zeta}_{3}(s;\alpha)=\frac{1}{6}\zeta(s, \alpha)^{3}-\frac{1}{2}\zeta(s, \alpha)\zeta(2s, \alpha)+\frac{1}{3}\zeta(3s, \alpha)$.
Hurwitz zeta $\zeta(s, \alpha)$ $\alpha$ hybrid universality
Main Theorem 1, 2
Theorem 3.2. $\alpha$ $\overline{\zeta}_{r}(s;\alpha)$ $1/2<\sigma_{1}<\sigma_{2}<1$
$\sigma_{1}<\sigma<\sigma_{2},0<t<T$ , $T>0$ $cT$ $CT$
Corollary 3.3. $\alpha_{0}$ $\zeta_{r}(s_{1}, s_{(2,\ldots,r)} ; \alpha_{0}, \alpha_{(0,\ldots,0)})$ $1/2<$
$\Re(s_{j})<1,$ $j=1,$ $\ldots,$ $r$
Zhao[19] $\alpha_{1}=\cdots=\alpha_{r}=1$
$\zeta_{r}(s_{1} , S_{(2,\ldots,r)} ;\alpha_{1}, \alpha_{(2,\ldots,r)})=0$
Zhao
Theorem 3.2
Corollary 3.3 $\zeta_{r}(s_{1}, s_{(2,\ldots,r)} ; \alpha_{0}, \alpha_{(0,\ldots,0)})$
$r\geq 2$ Euler-Zagier zeta $\overline{\zeta}_{r}(s;1)$ Lindel\"of ,
$\epsilon>0$
$\overline{\zeta}_{r}(1/2+it;1)=O(|t|^{\epsilon}) , t\geq 2$
$r\geq 2$ Euler-Zagier zeta
-
$\zeta$r(s;1) Lindel\"of Riemann zeta Lindel\"of





Theorem 3.4. $0<\alpha_{1}<1$ $(\alpha_{2}, \ldots, \alpha_{r})\in(0,1]^{r-1}, \Re(s_{2})>$
$3/2,$ $\Re(s_{j})\geq 1,3\leq j\leq r$ $(s_{2}, \ldots, s_{r})\in \mathbb{C}^{r-1}$ $r-1$ Hurwitz
Euler-Zagier zeta $\zeta_{r-1}(S_{2},$ $S_{(3,\ldots,r);\alpha_{2},\alpha_{(2,\ldots,r)})}\neq 0$ $r$
120
Hurwitz Euler-Zagier zeta $\zeta_{r}(s_{1}, s_{(2,\ldots,r)};\alpha_{1}, \alpha_{(2,\ldots,r)})$ , $1/2<\sigma_{1}<\sigma_{2}<1$
$\sigma_{1}<\Re s_{1}<\sigma_{2},0<t<T_{f}$ $T>0$ $cT$
$CT$
Main Theorem 1 1 $r-1$ Hurwitz Z Euler-Zagier
zeta $\zeta_{r-1}$ $(s_{2}, s_{(3,\ldots,r)}; \alpha_{2}, \alpha_{(2,\ldots,r)})\neq 0$




$= \sum_{n_{1}\geq 0,n_{2}>\cdot\cdot>n_{r}\geq 0}.\frac{1}{(n_{1}+\alpha_{1})^{s_{1}}(n_{2}+\alpha_{2})^{s_{2}}\cdots(n_{r}+\alpha_{r})^{s_{r}}}$
$=( \sum_{n_{1}>\cdots>n_{r}\geq 0}+\sum^{*})\frac{1}{(n_{1}+\alpha_{1})^{s}1\cdots(n_{r}+\alpha_{r})^{s_{r}}}.$
$\sum^{*}$
$n_{2}\geq n_{1}>n_{3}>\cdots>n_{r}\geq 0, \cdots, n_{2}>n_{3}>\cdots>n_{r}\geq n_{1}\geq 0.$
$\Re(s_{j})>1,1\leq i\leq r$
$\zeta_{r}^{*}(s_{1}, s_{(2,\ldots,r)};\alpha_{1}, \alpha_{(2,\ldots,r)}):=\sum^{*}\frac{1}{(n_{1}+\alpha_{1})^{s_{1}}\cdots(n_{r}+\alpha_{r})^{s_{T}}},$
$Z$ $1-\delta<\Re(s_{1})<1,$ $\Re(s_{2})>1+\delta,$ $\Re(Sj)\geq 1,3\leq i\leq r$
$Z$ $\zeta_{r}^{*}$ $(s_{1} , s_{(2,\ldots,r)} ;\alpha_{1}, \alpha_{(2,\ldots,r)})$ $Z$
$\zeta(\mathcal{S}_{1};\alpha_{1})\zeta_{r-1}(s_{2}, s_{(3,\ldots,r)};\alpha_{2}, \alpha_{(3,\ldots,r)})=$
(3.1)
$\zeta_{r}(\mathcal{S}_{1}, s_{(2,\ldots,r)};\alpha_{1}, \alpha_{(2,\ldots,r)})+\zeta_{r}^{*}(s_{1}, s_{(2,\ldots,r)};\alpha_{1}, \alpha_{(2,\ldots,r)})$ , $(\mathcal{S}_{1}, \ldots, S_{r})\in Z.$
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